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ON SINGLY-PERIODIC MINIMAL SURFACES
WITH PLANAR ENDS

JOAQUIN PEREZ

ABSTRACT. The spaces of nondegenerate properly embedded minimal surfaces
in quotients of R3 by nontrivial translations or by screw motions with non-
trivial rotational part, fixed finite topology and planar type ends, are endowed
with natural structures of finite dimensional real analytic manifolds. This
nondegeneracy is defined in terms of Jacobi functions. Riemann’s minimal
examples are characterized as the only nondegenerate surfaces with genus one
in their corresponding spaces. We also give natural immersions of these spaces
into certain complex Euclidean spaces which turn out to be Lagrangian im-
mersions with respect to the standard symplectic structures.

INTRODUCTION

A large class inside the collection of properly embedded minimal surfaces in the
three-dimensional Euclidean space R3 is the one consisting of those surfaces which
are invariant by an infinite cyclic group of direct rigid motions G acting freely on
R3, called singly-periodic minimal surfaces. Such a surface can be viewed inside the
flat three-manifold R3/G. In 1993, Meeks and Rosenberg [15] proved that for this
kind of surfaces finiteness of the topology is equivalent to the finite total curvature
assumption—the helicoid shows that this equivalence does not hold for surfaces in
R3. Hence it seems natural to study these surfaces attending to their topology.
At the end of the last century, Riemann [21] discovered a one-parameter family of
minimal annuli {M A}a>o0 invariant by translations {7} x>0, which induce properly
embedded minimal tori minus two points in R?/(Ty). In 1988, Karcher [11] found
a one-parameter family of genus zero surfaces minus an even number of points in
the quotient of R? over the cyclic group generated by a screw motion Sp y obtained
by composition of a rotation of angle 8 € [0, 27| around the z3-axis followed by a
translation of vector (0,0, A), A # 0. Also, Callahan, Hoffman, Karcher and Meeks
[2, 3, 4] gave, for any odd positive integer k > 3, a one-parameter family of surfaces
with genus k£ minus two points in a helicoidal quotient R?/Sp . Uniqueness [14, 18],
nonexistence [19] and structure [4] results have also been obtained for surfaces of
this type. On the other hand, research has shown the importance of endowing
some classes of minimal surfaces with a structure of smooth manifold [1], [20],
[23], [24, 25, 26], which opens a field of possibilities by application of differential
topology tools. In this line we should emphasize the work of the author and Ros
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[20], where they introduce a nondegeneracy notion for a properly embedded minimal
surface with finite total curvature in R? in terms of the space of Jacobi functions
on the surface which have logarithmic growth at the ends, and prove that the set
of nondegenerate minimal surfaces with fixed topology is a finite dimensional real-
analytic manifold. Some ideas in our paper come from the arguments in [20]; hence
it could be a helpful source to the reader.

Using the description of minimal surfaces in terms of meromorphic data, Meeks
and Rosenberg [15] also described the asymptotic behaviour of singly-periodic min-
imal surfaces, proving that they look like end of helicoids, flat vertical annuli or
planes. Here we will pay attention to this last kind of surfaces.

Denote by M; = M;(k,r) the space of connected orientable minimal surfaces
with genus k and r horizontal planar ends, properly embedded in quotients of R?
over groups generated by nontrivial translations—if we avoid the trivial case of the
plane, the maximum principle for minimal surfaces and Corollary 1 of [10] prove
that we can suppose k > 1 and r even—endowed with the uniform topology on
compact sets. Given M € M, we describe the vector space J(M) of the infini-
tesimal deformations of M in M; and prove that dim 7 (M) > 6. If we denote by
period(M) and flux(M) the generator with positive third coordinate of the group
of translations that leave M invariant and the flux of the surface along a compact
oriented horizontal section respectively, and by M; = {M € M, : dim J(M) =
6 and rank(period(M), flux(M),es) > 1} the subspace of nondegenerate surfaces,
then we prove that

MG is open in My, and in the nonvoid case, it is a siz-dimensional real

analytic manifold. Moreover, the tangent space at M € M is given by

J(M).
The minimal surfaces of Riemann [9, 21] are a one-parameter family parametrized
by A > 0 in the space M of surfaces with genus one and two ends. More generally,
we can consider any finite covering of these examples by taking a multiple of the
period vector, which produces an element in the space M; of surfaces with genus
one and any even number of ends. A direct consequence of this theorem is that
the corresponding one-parameter family depending on A > 0 forms a connected
component in Mj. In fact,

If M € M; is a nondegenerate surface with genus one and any even
number of ends, then it is a finite covering of a Riemann example.

This assertion can be considered as an approach to the affirmative answer to the
following conjecture: The classical Riemann examples and their finite coverings are
the only surfaces in My with genus one. Related results for the two-ended case can
be found in [14, 18]. On the other hand, if G; is the group of translations, then

M5 /G is a three-dimensional real analytic manifold, and the map f :

M; /G — RO given by f([M]) = (period(M),flux(M)), [M] being

the class of M in M3 /G, is an analytic Lagrangian immersion.
A similar theory for surfaces invariant by nontrivial screw motions is developed:
Let M be the space of connected orientable minimal surfaces with genus k& and r
horizontal planar ends, properly embedded in quotients of R? over groups generated
by nontrivial screw motions Sg » with rotation angle  €]0, 27| around the z3-axis
and translation vector (0,0, ), A # 0, with the topology of uniform convergence on
compact sets. The space J (M) of infinitesimal deformations now has dimension
greater than or equal to four. If Sp x, A > 0, is the generator of the group of screw
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motions leaving M invariant, we define screw(M) = (6,)). Also, we denote by
torque; (M), fluxs(M) the third components of the torque and the flux vectors of
M along an oriented horizontal section. Now the space of nondegenerate surfaces
is M* ={M € M : dim J(M) = 4}, which is also open in M. If it is nonvoid,
M is a four-dimensional real analytic manifold, whose tangent space at
an element M is J(M). If we denote by Gs the group generated by the
rotations around the xs-azis and the vertical translations, M*/Gs is a
two-dimensional real analytic manifold, and the map f : M*/Gs — R*
defined by f([M]) = (screw (M), torques (M), fluxs(M)) is an analytic
Lagrangian immersion.

1. PRELIMINARY RESULTS

Let v : M — 53 be an orientable proper minimal immersion and take a
compact cycle I' C M. Choose a conormal unit field n along I' and consider the
flux of ¥ along I', that is,

fux(p.1) = [ s

where ds is measured in the metric induced by . Observe that the flux does not
depend on the cycle in a fixed homology class. Now take a smooth deformation {1 :
M — R?}|<. by not necessarily minimal immersions —in the sense that (¢, p) —
Y¢(p) is smooth—such that ¥y = ¢. We are interested in the velocity vector of the
curve t — fr 1y dsg, where the subindex e; denotes that the corresponding object
is measured with respect to the metric induced by ;. Although we do not require
the minimality of v;, we will denote the last integral by flux (i, T"). Denoting by
v = 7:(st) to a parametrization by the i;-arc length of T and by N; the Gauss
map of Y, we have

ﬂux(@bt,f‘) = / Nt A\ D’Q[Jt(’)/;) dSt = / Nt A\ D’(/Jt(’}//) ds.
r r
We will denote the derivative at ¢t = 0 by a dot. Hence,
flux = / N A DY(y') ds + / N A DV (') ds,
r r

V being the variational field of ;. As N is a tangent vector, the first integral can
be written as

DIy N DU A D) ds = = [ (7 Du(I )N ds
= /F<N,DV(J'y’))Nds,
where J is the complex structure of M. Hence we deduce that
flix = /F (N, DV (J¥))N + N A DV(y/)) ds.
In particular, flux does not depend on the variation but only on the variational

field. As the last expression is linear in V', we can study separately the cases where
V is tangent or normal to . In the first case, we can choose the variation as a
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reparametrization of v; thus its minimality implies that flux(¢, ') is constant in
t and flux vanishes. If V = AN for a C'-function h on M, then
(N,DV(JY"))N + N ADV(y') = Dh(Jy')N + hN A DN (v')
oh
= —N — hN A Dy(Av'

n (AY),
A being the shape operator of ¥. As 1) is minimal, it follows that N A Dy(Ay') =
Diy(JAY'") = —Dy(AJ~y") = DN(Jv'), hence

. oh ON
1 flux = / <—N - h—) ds.
o r \9n on

This can be summarized as follows:

Lemma 1. Given a C*-deformation {; : M — RB}M@ of a minimal surface
Yo = ¥ by immersions, with variational field V = %’t:o ¢, the derivative of the
flux map along a compact cycle I' C M is given by

flux(¢y,I') = /

r

dt

0 ON
(8—77 (V.N)) N — (V. N>3_77> ds.

t=0

As a consequence, if a € R3 and we take 1, = 9 + ta with ¢ small, the flux does
not depend on t, so we have proved that

(2) A(%((a7N>)N—<a,N>%—]X> ds = 0.

Let ¥ : M — R3 be a proper minimal embedding invariant by a translation
of vector T € R® — {0}, i.e. there exists a conformal transformation S : M —
M such that oS =1+ T. 4 induces a properly embedded minimal surface
M C R?®/T, where M = M/S. Reciprocally, any properly embedded nonflat
minimal surface M C R?/T determines a connected singly-periodic minimal surface
¥ related with M in the above way; see Meeks and Rosenberg [15]. Suppose that M
is orientable and has finite topology, so M is homeomorphic to a finitely punctured
compact surface M — {p1,... ,p,}. It is proved in [15] that under these conditions,
M has finite total curvature, its conformal structure is induced by another one
on M, its Gauss map—which is well-defined—extends in a meromorphic way to
the compactification M, and M has a nice behaviour at infinity: all its ends are
simultaneously asymptotic to parallel planes, vertical annuli or to ends of helicoids.
We are going to study the first case, which will be called, as usual, planar ends.
Consider 1, M as above, such that the ends py, ... ,p, of M are planar. These ends
lift to planar type ends in R3. Take T nonhorizontal, so the ends can be supposed
to be asymptotic to horizontal planes.

Lemma 2. There exist a neighbourhood B(T) of T in R® — {0} and a C*°-family
Yo M — R3, a € B(T), of singly-periodic proper immersions with ends as-
ymptotic to horizontal planes, such that Yp = 1 and ¥y 0 S = ¥a + a, for any
ae B(T).

Proof. Consider the surjective linear map ® : M3(R) — R?3 given by ®(B) = BT,
where M3(R) denotes the set of 3 x 3 real matrices. Take a complement subspace E
of Kernel(®) in M3(R) such that I3 € E. Hence, the C*®*-map ¥ : R®* x E — R?
defined by ¥(a, A) = AT —asatisfies U(T, I3) = 0 and DoV 7 7, is an isomorphism.
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The implicit function theorem gives a neighbourhood B(T) of T in R? — {0} and
a C°°-map ¢ defined on B(T') by a € B(T) — ¢(a) = Ay € M3(R) such that
AT = afor each a € B(T'), and Ap = I5. Take a fundamental domain  of ¢ with
compact boundary contained in the union of two horizontal planes I, II 4+ 7', and
consider two big finite cylinders Cg,,Cg, parallel to the period vector T, of radii
Ry < Ry, such that 0Cg, CTTU(II+T), 9Cgr, C (I—eT)U(II+ (1+¢&)T), € >0
small, and outside of Cr,, % is a union of horizontal graphs. Let 2; be the portion
of Q enclosed by Cg,. For each a € B(T') near enough to T, Aa(1) is a surface
with boundary contained in the solid cylinder determined by Cpg,, which can be
extended to an a-periodic surface with boundary, contained in a certain infinite
solid cylinder parallel to a. Gluing A,(€;) with the ends of Q outside Cg, we get
a smooth surface between the planes II —eT, I+ (1 + ¢)T, that coincides with the
original one outside a compact set. Extending this surface by the translation of
vector a, we find an a-periodic smooth map v, : M — R3 with 1), 0.5 = 92 + a.
Clearly, we can suppose that 1, is an immersion depending on a in a C'°°-way and
that 17 = 1. Hence each 1), induces a properly immersed surface M, C R3/a with
r ends asymptotic to horizontal planes.

Remark 1.

1. If a(t), |t| < e, is a curve in B(T') with a(0) = T and we denote the derivative
with respect to ¢ at t = 0 by a dot, then the linear map a — ¢ = % |t:0 Ya(t)
is one-to-one, because the multivaluation of v is given by ¢ o S = ¢ + a, as
can be checked by differentiating the periodicity equation for ,, see lemma
2.

2. The ends of M, are the same as those of M, viewed in the different ambient
spaces R3/T and R3/a. In particular all of them are minimal.

The ends of ¥ are planar and horizontal, i.e. they have finite total curvature, are
embedded and asymptotic to horizontal planes. Hence, each one can be written as

®) vl = (o)), 0 <ul <

where € > 0 and h is a smooth real valued function in {|w| < €}, see [20]. We will
call w the graph coordinate at the corresponding end of 1. Put p = |w| and ds? the
induced metric, which can be written in terms of w as

1
(4) Gij (w) = F (51']‘ + p4DihDjh) ,

where 6;; = 1 if ¢ = j, 0 otherwise, and D;h denotes the corresponding first
derivative of h. Note that the metric ds? can be induced on M and that the graph
coordinates w, w’ at homologous ends of 1) are related by a Mobius transformation
of the type w’ = 7. a being a complex number. Take a function A € C*°(M)
such that around each end p; of M, it can be written as A(w) = f(w)p~* in terms
of the graph coordinate at any lift of the end p; to R?, where f is a positive smooth
function in {|w| < €}, depending on the chosen lift. The above comment lets us

consider such a function, and (4) implies that ds* = fds? is a Riemannian metric

on the compactification M, compatible with its complex structure. Let N be the
Gauss map of v, which can be induced on M and extended to M by the finite total
curvature assumption. Let N : M — R3 be a smooth map such that (N, N) = 1
on M and N = meg in a neighbourhood of each end, where e3 = (0,0,1).
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We will also denote by N its S-invariant lift to M. Given a near T, consider the
a-periodic immersion 1, : M — R? given by Lemma 2. If u € C*%(M) is small
enough —here C2%(M) is the usual Holder space—we can suppose that 1, + uN
is also an a-periodic immersion. Let H (¢, + uN ) be its mean curvature function,
which is well-defined on M. As the number of ends of M is finite, we can suppose
that the graph coordinates at the ends of a fundamental domain in the lifted surface
to R? are all defined in 0 < |w| < &, where ¢ is a positive real number. Now we
can apply Proposition 1 in [20] to each end of this fundamental domain, and taking
into account that the mean curvature function is well defined on M we deduce the
following assertion:

Proposition 1. There exist neighbourhoods U of 0 in C**(M) and A of T in
R3 — {0} such that the map

H: AxU — C*(M),
(a,u) +— AH(¢a+UN)7

is an analytic operator.

In order to recognize the differential of H, take a smooth curve ¢ — (a(t), u(t))
in A x U passing through (7,0) at ¢t = 0, and denote the derivative with respect
to t at £ = 0 by a dot. The variational field of g + u(t)]v is given by ¢ + QKL
whose normal projection is <¢, N) + 4. Note that @ is well-defined on M but this
does not happen with the first term, which presents the following multivaluation:

() (), N)o S = (), N) + (& N).

Denote by L = A + ||o]|2 = A + |[VN||? the Jacobi operator of 1, where A is the
Laplacian of ds? and ||||? the square length of the second fundamental form of this
embedding. Functions in the kernel of this operator are called Jacobi functions. It
is well known that vector fields in R® whose flow consists of dilations or isometries
induce on the surface Jacobi functions, as for instance (p, N), det(p, N, e3), (IV, a),
where p is the position vector on M, e3 = (0,0,1) and a is any vector in R3. The
first example is the support function of 1) and the last one is usually called a linear
function. We will use the same notation L for the induced Jacobi operator on M.
As L(a, N) = 0, the function

H(ya + u(t)R) = SAL(W, N) + 1)

(6) DH r,)(a, 1)

:A—
dt|,_,

is well-defined on M, and by Proposition 1, lies in C*(M). On the other hand,
from (5) it follows directly that the linear map a — (b, N) is injective.

Consider the vector space V = V(M) = {(), N) = <%‘t:0 Ya@), N) | 4 € R?}
C C’OO(M ), which can be identified with R? by means of the above injective linear
map. We can also view C*< (D) as S-invariant C*-functions defined on M which
extend in a C*“-way to the punctures. Now we define the vector space B = B(M) =
V & C2(M) C C%%(M), which becomes a Banach space with the natural norm
on each component. (6) lets us define the following bounded linear operator:

) L=AL: BM) — C*M),
(), N)+14 +— 2DH g (a,1),
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where 1/1 = % | —o Ya(t)- Hence L is the “compactification” to the Riemann surface
M of the Jacobi operator L, i.e. L = AL = A + |VN||?, where ® means that
the corresponding object is measured respect to the metric ds?. This compactified
Jacobi operator will play a key role in what follows, because the smoothness of the
space of properly embedded minimal surfaces in quotients of R? by translations,
with fixed finite topology and planar ends, around one such surface will depend
strongly on the kernel and the image of the operator L associated to the surface.

2. THE JACOBI OPERATOR L

We continue with our properly embedded minimal surface M C R3/T. Take
two curves (a(t),u(t)), (b(t),v(t)) in a neighbourhood A x U of (T,0) in
(R?* — {0}) x C%*(M) where Proposition 1 holds, such that (a(0),u(0)) =
(b(0),v(0)) = (T,0). In particular, ¥ae) + u(t)N, Yy + v(t)N are proper
immersions—not necessarily minimal— with ends asymptotic to horizontal planes.
We will work in a fundamental domain €2 of ¥ whose compact boundary is con-
tained in two horizontal planes II, IT + 7. Put 9Q = T U (I' + T), and note that
although w, © take the same values on I'; I'+ 7T, this is not true with w = % ‘t:O Ya(t),
P = % |t:0 Up (1), but their values on I', '+ T are related by (5). Denote by dA, dA
the area elements associated to the metrics ds?, ds2, respectively. As LdA = L dA,
the divergence theorem gives

/Q [((, N) + T, N) +0) = (0, N) + 0L, N) + )| dA

R S S
“ W’M )5, (W) +0) = (W, ) +v>a—n<<w,N>+u>} is,

where 7 denotes the exterior conormal to €2 along its boundary. For the sake of
simplicity, we will use the notation flux(e) = flux(e,T") for the remainder of the
paper. Using (5) and Lemma 1, the last expression can be written as

0

d ~ . d
<E fAux(Yag) + u(t)N), b> - <a, T
_/ (a, N) < (<b N>) — b, -2 (a, NY) ) ds.
F 3 877 3 7 877 3
Moreover, the last integral vanishes by (2), so we have obtained a skew-symmetric

bilinear form defined on the space B which relates the differential operator L with
the period and the flux maps:

fux (Y + v(t)]\~7)>

t=0 t=0

Lemma 3. Let ¢, M be as above. Consider a neighbourhood A x U of (T,0) in
(R3—{0}) x C%%(M) such that Proposition 1 holds. Given two curves (a(t), u(t)),
(b(¢),v(t)) in A x U passing through (T,0) at t =0, if V1, Vo denote the respective
variational fields of ac) + u(t)]v, Vo) + v(t)]v and Q is a fundamental domain
of ¥, then

(8)

/Q ((Vi, NYL{Va, N) — (Va, NYL(Vi, N)) dA

_/a
T\ dt

ﬂux(wa(t) + u(t)j\v])7b> - <a, %

fux(vu +o(0ON) ).

t=0 t=0
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The following step will be to determine the kernel and the image of the operator
L. Following the ideas in [20], we define X+ C C*(M) to be the L2-orthogonal
complement in C%(M) with respect to the metric ds? of a subset X C C%(M).
Consider in the Banach space B the subspaces

J =J(M) = Kernel(L), K=KM)=C**(M)NJ, Ko=Ko(M)=TL(B)".
Hence, K consists of those functions in J which are well-defined on M.

Lemma 4. In the above situation,

o= {ueis [ (2-u)as o).

it) dim J = 3 + dim K.

Remark 2. Note that the condition i) expresses that if u € Ky is the normal part
of the variational field for a deformation ; of our surface, then the derivative of
the flux map along the deformation vanishes—see Lemma 1.

Proof. Standard elliptic theory [7] insures that £ = Kernel (E |2, Q(M)) C C°(M)
has finite dimension and that L (C**(M)) = K*. This implies that Ko = L(B)* C

L(C**(M ))L = K++ = K. Now given u € Ko —in particular, u is well-defined on
M— we have u € Ky if and only if

/_uf ((z/J,N) + v) dA =0, fora generic (1), N) + o € B.
M
By Lemma 3 with a(t) = T, this integral is equal to (%}t:O flux (zb + u(t)ﬁ) ,b),

where {u(t)}; is a curve in U € C**(M) passing through zero with velocity vec-
tor u at t = 0 and 1/) = dt|t o ¥b(t)- By Lemma 1, this expression is equal to

Jr [ b,N>a ua77 ((b N))} ds, and i) is proved. The proof of ii) is the same as
in Lemma 4, part 2, of [20], noticing that now V is three-dimensional.

Remark 3. The Jacobi functions (p, N}, det(p, N, e3), (N, a) lie in J for all a € R3,
where p denotes the position vector on M. The third function is well-defined on
M, and from Lemma 4 and (2) it follows that (N,a) € Ko, hence dim Ky > 3.
However, det(p, N, e3) is not well-defined on M unless T is vertical. Note that the
support function (p, N) is never well-defined on M.

A properly embedded minimal surface M C R3/T with finite topology and
horizontal planar ends will be called nondegenerate if Ko(M) = {{N,a)|a € R3},
N being its Gauss map, i.e. if dim Ko(M) = 3.

3. THE SPACE OF MINIMAL SURFACES

Let M be the space of connected nonflat properly embedded minimal surfaces
M in a quotient of R? by a nonhorizontal translation 7—which depends on the
surface—with fixed finite topology and horizontal planar ends. In order to endow
M with a topological structure, we will discuss the relationship between the natural
notions of convergence in this space. We will denote by M the periodic lift of an
element M € M to R3. Take M,, € M,n=1,2,..., and M, € M.
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1. We say that {M,},, converges to M, smoothly if for any relatively compact
subdomain 2 of MOO, for any embedded tubular neighbourhood of € in R3,
Q) = {p+ tN()lp € U |t| < e}, € > 0 small enough, N being the
Gauss map of MOO, and for each n large enough we have that Q,, = Mn NQ(e)
consists of a single graph over Q, p € Q — p+u,(p) Noo(p), and the sequence
{un}, converges to zero in C*(Q), for any k > 0.

2. Let M,,, M be the compactifications of M,, = Mn/Tn and Mo, = NOO/TOO.
Consider the family ¢a of Lemma 2 around M. We say that the sequence
{M }n converges to M o, smoothly if T,, — Tw and there exists a vector field
N € (M, R?) satisfying (Noo, N) = 1 on Mo, and N = ﬁeg in
a neighbourhood of each end of M, and there exists a sequence {un}n C
C>(M ) such that M can be expressed as ¥, + u, N and u, — 0 in
C*(M ), for any k > 0.

Theorem 1. Given {My,}, C M and My, € M with period vectors T,, — Teo, the
following assertions are equivalent:
1. M,, — My smoothly.
2. M, — M, smoothly.

Proof. 1t it obvious that 2 = 1, so suppose that we have 1. Denote by S a slab in
R? between two horizontal planes IT, IT+75 that determines a fundamental domain
Q of MOO with compact boundary. Take an infinite vertical solid cylinder C'r of
large radius R containing 92 in its interior, and denote Q(R) My N Soe N Ch.
We suppose that for § > 0 small, C(M) — C(Q(R)) < 2, where C(s) means the
absolute total curvature enclosed in the corresponding domam. Let S, be a slab
between parallel planes determining a fundamental domain on ]\771 We can also
suppose S, — So and that Mn N 95, is compact and contained in Cr for any n
large enough. Setting Q,(R) = ]T/fn NS, N Cr and using 1, we can suppose that
C(M,) — C(Q2,(R)) < 6, and that on 9Q,(R) N ICk the relation [(N,,e3)| >1—4§
holds, N,, being the Gauss map of ]T/fn As N, is an open map and almost all the
total absolute curvature of M,, is inside Q,(R), we deduce that [(Ny,,es3)| > 1—6
on (M, NS,) =y, (R); hence the projection of (M, NS,)— 2, (R) on the (21 +ixs)-
plane is a a proper local diffeomorphism, injective on each component. This proves
that ]T/fn NS, is an N -graph over ¥, (Moo) by means of a certain function which
is smooth at the punctures, for a suitable choice of a transversal map N with the
conditions of Definition 2, where ¢, is the T,-periodic immersion of Lemma 2
around Mo,. Now the constructlon of ¢, in the proof of Lemma 2 proves that M
is a global N-graph over an( ) of a function u,, € C>(M ). It remains to prove
that u, — 0 in C¥(M ). Our hypothesis implies that we only have to study the
situation around an end p; of M, so consider the w-coordinate at a lift of this end
to R3, which can be written as w — (1, h(w)), 0 < |w| < &, h being a smooth
function in {Jw| < e}. We can suppose that this expression also parametrizes
the corresponding end of 7 ; see the proof of Lemma 2. Thus Mn is given by

w — (%,h(w) + <]1f,"(w)>) 0 < |w| < €, and by hypothesis uy |{jy|=c3— 0 in
Ck({|w| = €}) for any k > 0. From Lemma 2 of [20] we have that the map
E: RxCP({Jul<e}) — RxCF2({|lw| <e}) x R ({Ju| = ¢}),
(b.) — (b EHO . f =)
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where H (b, ) denotes the mean curvature of the immersion

f(w) )
<NOO,€3> ’

0 < |w| < g, is an analytic local diffeomorphism around (0,0), for any k > 2.
Hence, E(0,un) = (0,0, us |{jw|=c}) lies in a neighbourhood of (0,0,0) in R x
CF=22({lw| < e}) x CH*({|w| = €}) where E is bijective. From the maximum
principle at infinity [13] it follows that b = 0, | {jw|=c} uniquely determine u,(w),
|lw| < e, so the bijective property of E insures that {u,}, converges to zero in
Cke({|w| < €}) for any k > 2, and the proof is complete.

1
w — (E,—blogp+h(w) +

Remark 4. In particular, Theorem 1 proves that the second sense of convergence
defined above depends neither on the family 1, of Lemma 2 around M., nor on
the transverse smooth map N. Also, it implies that given M € M, M C R3/T,
there exists a neighbourhood of M in M, endowed with the topology of uniform
convergence on compact sets, such that each minimal surface in this neighbourhood
is represented by ¥, + uN for suitable a in a neighbourhood A of T in R3 — {0}
and v in a neighbourhood U of zero in C*° (M), where 1 is a lift of M to R and
Nis a global transverse map defined as in section 1, and in this neighbourhood,
which will be denoted by M N (A x U), both topologies coincide.

Denote by M* C M the subset of nondegenerate surfaces with nonvertical period
vector. Now we can prove the main result of this section:

Theorem 2. M* is an open subset of M. Moreover, M* is either empty or a real
analytic manifold with dimension 6.

Proof. We will adapt the ideas in the proof of Theorem 2 in [20]. Take M € M*,
M c R?/T. Consider neighbourhoods U of zero in C**(M) and A of T in R*—{0}
such that Proposition 1 holds, and define the map

F: R)}xAxU — C*(M),

3
(d17d27d37a7u) — Hau Zdz auaez
i=1

where Ny, is the Gauss map of ¢, + uN and {e1, e, e3} is the usual basis in R3.
Proposition 1 implies that F' is analytic. As M is represented in M N (A x U) by
(T,0), we have F'(0,7,0) = 0. If (a,u) € MN(AxU) represents a minimal surface
Ma  near M with Gauss map N, the Banach space B(May) = V(Maw) ®
C?%(Ma.,), where

d

Vi) = {15

Va()> Nau)la € R? a(0) = a} ,

t=0

can be identified with R3 @ C*(M) by means of the isomorphisms a € R? —
dt‘t 0 Ya(t)s Naw) € V(May), @€ C**(M) u(N,Na,u>; note that (N,Na,u>

can be supposed smooth and positive everywhere. With this identification we can

compute the differential of F' at (0,a,u) as

DF(Oau)(dlad27d37 auv Zd auaez
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for any (dy,ds,d3) € R3, v € B(Ma,,), where fa,u denotes the compactified Jacobi
operator of the minimal surface M, ,. We will use similar notations for the spaces
J(Ma ), K(Ma ) and Ko(Ma,u), see section 2. Note that fam (B(Ma,,)) contains
the orthogonal complement of the finite dimensional space K(Ma,,,); hence

Za,u (B(Mau)) - La,u (B(Ma,u))J_J_ - K:O(Ma,u)la

so we deduce that Kernel (DF(ga.)) = {0} X J(Mau) = J(Ma,u). Moreover,
the condition M € M* implies that DFo 1, is surjective, and from Lemma 4 its
kernel has dimension 6. The implicit function theorem insures that we can find a
neighbourhood W of (0,T,0) in R?® x A x U such that V := F~1(0) N W is a real
analytic six-dimensional submanifold of WW. We claim that V contains only minimal
surfaces. For, take an element (a, u) € A x U and consider the immersion ¢, +uN.
Take a fundamental domain €2 obtained by cutting this surface with a slab between
two horizontal planes II, IT4+a, with compact boundary 92 = I'U(I'+a). Denote by
Q(R) the part of this fundamental domain inside an infinite vertical solid cylinder
Cr of large radius R, containing 02 in its interior. Then

2/ H(wa + 'UJN)Na?u dAa,u = / Aa7u (7/13 + 'UJN) dAa,u
Q(R) Q(R)

= / Na,u dsa,u + / Na,u dsa,u + / Na,u dsa,uv
OQ(R)NICR T I'+a

where the subindex e, , means that the corresponding object is computed with
respect to the induced metric by ¥, + uN and Na,u 15 the exterior conormal field
to Q(R) along its boundary. The last two integrals are opposite, and if we argue
as in the proof of Lemma 7 of [20] we find that the first integral converges to
zero as R goes to infinity—in Lemma 7 of [20] it is proved that this assertion
holds for the horizontal components of this integral in a more general case, for
embedded ends with finite total curvature and possibly nonzero logarithmic growth,
and a careful reading of that proof insures that we can extend the property to the
vertical component when we have only planar type ends. Thus the mean curvature
function H(a,u) is orthogonal to (Nau,e;), i = 1,2,3, which proves our claim, so
VY C {0} x AxU = AxU. Moreover, as the tangent space of V at Ma ,, is J(Ma v),
we deduce that V C M™*. Hence M* is open. This gives an analytic structure
in a neighbourhood of each point of M*. We will finish the proof by showing the
compatibility of all these structures. Given € > 0, denote by M? the set of surfaces
M € M* such that the construction of the analytic neighbourhood V = Vj; can
be done by using the graph coordinate around each end of a fundamental domain
of the lifted surface to R?® —see the comment just before Proposition 1— over the
punctured disk {0 < |w| < €}. MZ is an open subset of M*. Surfaces in M? are, in
particular, minimal immersions from M = M — {pi,... ,p,} into certain quotients
of R3 by nonhorizontal translations. Given M € M, take a fundamental domain
of the lifted surface M C R3. The end of this fundamental domain around p1 can
be expressed as w — (L, h(w)), 0 < |w| < ¢, for certain h € C*°({|w| < €}), and

we can suppose that any minimal surface M, ,, in Vjs can be written around p; as

w — (%,h(w) + {X,(Z;)), 0 < |w| < e; see the proof of Lemma 2. Hence we can
consider the analytic map
jr YmCM: — R3IxC*({|w| <e}),
Ma —  (a,u).
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We claim that j is an immersion: if v € J(Ma,,) lies in the kernel of Djyy, .,
then v is a well-defined function on M that satisfies Lv = 0 on M and v = 0 on a
neighbourhood of py; hence v = 0. As M* is finite dimensional this is enough to
insure that our claim holds. Now the fact that an immersion uniquely determines
the structure of the immersed manifold implies that two analytic structures around
M € M* are compatible. This completes the proof of the theorem.

Remark 5. 1. The above proof also insures that the procedure for constructing
the analytic neighbourhood Vj; of a surface M € M™* does not depend on the
family 1, of Lemma 2 nor on the transverse map N.

2. When the period vector T is vertical, the Jacobi function det(p, N,e3), p
being the position vector on the lifted surface M C R3, is well-defined on
M thus it belongs to K. Moreover, it lies in g if and only if the flux of M
along a horizontal section is vertical —this last condition is impossible, for
instance, when M has genus one [19], or when the number of ends of M with
minimum branching order of the Gauss map is one [18]. Theorem 2 extends
without changes around a nondegenerate surface with vertical period vector
but nonvertical flux along a horizontal section. However, around a surface M
where both the period vector and the flux are vertical, the space of minimal
surfaces where Ko(M) coincides with the space of functions spanned by the
ones coming from Killing fields cannot be a manifold, because the dimension
of that space at M is strictly greater than the corresponding dimension for
nearby surfaces. Examples of such surfaces can be found in [3] for any odd
genus greater than or equal to three. These surfaces have two planar ends
and a horizontal plane of symmetry, which forces both the period and the flux
vectors to be vertical.

Riemann’s examples My, A > 0, see for example [9, 21], are a one-parameter
family of tori with two planar ends. The extended Gauss map of such a surface M)
has its branching values on an equator of the sphere. Montiel and Ros [16] prove
that in this situation the space K has dimension three; hence the same holds for g
and the above theorem works. This implies that, up to translations, dilations and
rotations around the xs-axis, the only possible deformation of a Riemann example
is by nearby Riemann examples; that is, they form an isolated family inside the
corresponding space M of genus one surfaces with two ends. This result extends
directly to any finite covering of Riemann examples obtained by considering a mul-
tiple of the period vector, in the space of genus one surfaces with any even number
of ends. This nondegeneracy property characterizes those classical examples:

Theorem 3. If M € M* has genus one, then it is a finite covering of a Riemann
example.

Proof. Take M € M* with genus one. We can parametrize our problem as follows:
Let £ C C be the lattice generated by {a,2ni}, a € C — {0}, such that C/L is
conformally equivalent to the compactification M of M, the third coordinate of
the lifted surface M C R3 is x3(§) = k Re(€), k being a nonzero real number,
and the segment T" = {it | ¢ € [0,27]} is applied on a closed curve on M which is
nonnullhomotopic in the cylinder obtained by attaching the ends to M. Let g be the
Gauss map stereographically projected from the north pole. In the &-coordinate,
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the Jacobi equation is
(9) uge +2—9 g
g

A straightforward computation gives that the function

m3(L) Lo (g)
2\y g lgP+1\yg

is a bounded complex valued Jacobi function on M, i.e. its real and imaginary parts
satisfy (9). The imaginary part of f is the classical Shiffman’s Jacobi function,
which expresses the derivative of the planar curvature of horizontal sections with
respect to the pure imaginary direction in C times a positive smooth function; see
for instance [6, 22]. Note that the conormal along the segment I' points to the
xr-axis, where £ = x + iy. A simple calculation shows that

of ON B of ON o
/r<a_77N_ a—n)ds—/r(%]v—f%)df—oa

thus Lemma 4 implies that Re(f), Im(f) € Ko(M). Now our nondegeneracy hy-
pothesis insures that these two functions are linear, so f = (IV, z) for certain
20 € C3. As

2 : lg]* =1
N, zy) = —— [Re(ag) + ¢ Re(bg)] + C
< 0> 1+|g|2[ ( g) (g)] |g|2+1
"
=————(Ag+ Bg)+C ,
P+ 1 AT BT ey
where a,b, A, B, C' are complex numbers, we deduce that
3 d)Q g" 1 <¢>2 1 _ g -1
- =) - = —-——— =) =———(Ag+ Bg) +C——,
2<9 g lgP+1\yg WP+1( ) lg]* +1

and hence

"2 " /N 2
§(§u_g”_3_09):g__l(g_) —|—Ag—C.
2 g 9 2\y

As g is not constant, this equation implies that

"2 " 1 7\ 2

§ﬂ—g”—B—C’gzO7 g___(g_) +Ag—C =0;
2 9 9 2\yg

thus (¢')? = g(ag?+Bg+3), with a, 3, 6 € C. Hence we have a (possibly branched)

holomorphic covering © = (g,¢’) from M = C/L onto the Riemann surface ¥ =

{(z,w) € c’ | w? = z(az? + Bz + 6)}. We claim the ¥ has genus one. If ¥ is a
sphere, the total ramification number of 7 is B(w) = 2 degree(g). On the other
hand, the pullback by 7 of the meromorphic differential ”fu—z on X is %,Q = d¢, which

has no poles nor zeroes, so B(w) = #{poles of %} = 2, which implies that m has
degree one, a contradiction. Hence ¥ is a torus and 7 is an unbranched holomorphic
covering. Note that the Weierstrass representation [17] (g, d€) of M can be induced
on X as (z, c%), ¢ € C — {0}; thus we obtain a properly embedded minimal torus
in certain R3/T with total curvature —8, which has to be a Riemann example by

[14]. This completes the proof.
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Let G be the 3-dimensional Lie group of the translations. G acts in a natural
way on M:
U: gGxM — M,
(¢, M) +—  o(M).
In order to obtain some regularity behaviour of ¥, we need the corresponding
version in our setting of Lemma 8 in [20]:

(10)

Lemma 5. Let 6 >0 and M = M/S € M*, and let 1, : M — R3, |t| < 6, be a
smooth family of immersions, i.e. (t,p) — W¢(p) is smooth, where ¥y represents
an ag-periodic lift of an element My € M* with My = M. Then, the curve t —

My € M* is smooth and its velocity vector att =0 is v = (%‘ ,N) e J(M),
t=0
N being the Gauss map of M.

The proof is analogous to that of Lemma 8 in [20] if we take into account that
the surfaces M; for § small enough are represented by pairs (a;,u;) in an analytic
neighbourhood V of M, given by the proof of Theorem 2, and that a; depends
smoothly on ¢ because, given a point p € M, a; = ¥ (Sp) — ¥ (p).

Remark 6. Following the ideas in [20], Remark 2.1, we can deduce that the curve
t — M, is analytic provided that (¢,p) — 9:(p) is also analytic.

As a consequence, the action W is analytic when restricted to M*. Moreover, as
the tangent space of G at the identity I is generated by the infinitesimal translations
T, along any vector z, Lemma 5 gives that (D \I/)(I,M)(Tm) = (N, z),s0 (D1¥)(1,m)
is injective. This fact implies that the map ® : G x M* — M* x M* defined
as (¢, M) — (M, p(M)) is an immersion. We claim that its image is closed in
M* x M*. For, take sequences {M,}, C M* and {¢,}, C G such that M,, —
My € M* and ¢,(M,) — M., € M*. Hence ¢, is a translation of vector
v, € R3. Since for M € M, M C R3/T, the relation M +v = M + v + kT
holds for any v € R? and k € Z, we can suppose without lost of generality that
the sequence of the third coordinates {v, 3}, of v, converges to a real number
Vso,3. As usual, we will use the notation M for the lift to R® of the corresponding
surfafcve M e M*. Take a horizontal plane II in R? such that the intersections
IIN Mo and (IT + veo,3) N M., are compact. Looking at the sections II N M,, and
(I + v, 3)N (Mn + vp), we deduce that {v,}, is bounded, so our claim holds. By
Theorem 16.10.3 in [5], this is equivalent to the existence of a structure of analytic
manifold on M*/G that makes the projection M* — M*/G a submersion. As
the isotropy group at any point of M™ is clearly discrete, this quotient manifold
has dimension three. .

Note that given M € M, the flux of its periodic lift M C R? along a compact
horizontal section does not depend on the height of the plane that produces it —
this is clear for two planes without ends of M in between; otherwise, as the flux
around a planar end vanishes our assertion follows if we compute the flux along
the boundary of the possibly nonconnected piece between two sectional horizontal
planes and inside a big cylinder parallel to the period vector. This flux vector
cannot be horizontal, as can be checked by considering a horizontal transversal
section, hence we can define flux(M) as the flux of M along any horizontal compact
section, with positive third coordinate. Now suppose that M € M*, M = M /S C
R3/T. Let II be a horizontal plane in R3 whose intersection I' with the lifted
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surface is compact, and consider the analytic neighbourhood V C A x U of M in
M* obtained in the proof of Theorem 2, so nearby surfaces in V' are represented
by (a,u) = Ma,. We can suppose that I' is applied on a compact cycle on each
Ma,u, and so the flux map can be written as flux(Ma ) = fr Na,u dSau, With the
notation of the proof of Theorem 2. Given an analytic curve t — (az,uz) in V,
the expression 7a, u, dsa,,u, depends analytically on ¢; hence the same holds for
flux(Ma, u,). As a consequence, the flux map is analytic when restricted to M*.
Moreover, Lemma 1 lets us compute its differential at M:

(11) Dflux s (v) = /

r
N being the Gauss map of M. We have another natural analytic map M € M* —
period(M) € R3, where period(M) denotes the generator of the cyclic group
of translations preserving the lift of M, whose third coordinate is positive. The
analyticity of this period map follows directly from the proof of Theorem 2. We
can collect these two maps by defining
f: M* — RS,
M +—— (period(M), flux(M)).
Consider on R® = R? @ R3 the usual symplectic two-form € given by
Q ((av b)v (a/’ bl)) = <av b/> - <a/’ b>7

for any pair of vectors (a,b), (a’,b’) € R?> @ R?. Recall that an immersion of a
three-manifold f : N3 — RS is said to be Lagrangian if f*Q = 0.

If (a,4) € Kernel(Dfys), then & = 0 and @ € K(M), so (11) implies that
Jr ‘g—:;N — 11%—]7\77 ds = 0; hence from Lemma 4 we have Kernel(Dfp) = Ko(M).

On the other hand, Lemma 3 yields f*Q2 = 0. It is also clear that f can be induced
on the quotient manifold M*/G. These facts are summarized in the following result:

<@N - 08_]7\77> ds, forany ve J(M),

(12)

Theorem 4. Suppose that M* is nonvoid. Then, M*/G is a real analytic three-
dimensional manifold, and the map f: M*/G — RS given by

f([M]) = (period(M), flux(M)),

[M] being the class of M in M*/G, is an analytic Lagrangian immersion. Also,
the tangent space Tipg (M*/G) can be naturally identified with J(M)/Ko(M).

Remark 7. The period map is a local parameter for M*/G around an element [M]
if and only if the only well-defined bounded Jacobi functions on M come from
translations in R3. This situation occurs for instance in the Riemann examples.

4. THE SCREW MOTION CASE

We can study in a similar way the space of proper minimal embeddings which
are invariant by a nontrivial screw motion. Let Sp  be the screw motion obtained
by composition of a rotation Ry of angle 6 €]0, 27| around the x3-axis followed by
a translation of vector Aes, A € R — {0}. Let ¢ : M — R3 be a proper minimal
embedding such that there exists a conformal diffeomorphism S of M with Yol =
Sp.x 0, so 1 induces a properly embedded minimal surface M = M/S’ C R3/Sp..
Assume that M is orientable and has finite topology, M = M — {p1,... ,p.}. We
no longer have a well-defined Gauss map on M, but the Gauss map N of 1 satisfies
N oS = Ry o N. However, thanks to the work of Meeks and Rosenberg [15] we
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know that M has finite total curvature and a controlled behaviour at infinity: All
its ends are simultaneously asymptotic to horizontal planes, flat vertical annuli or
ends of helicoids. Suppose that we are in the first case. As the ideas we are going
to express are similar to the ones in the R?/T-case, we will give a brief outline of
the theory, emphasizing only the new details that appear in this case.

Fix¢y: M — R3 M = M/S C R3/Sp,» as before. First of all, there exist a
neighbourhood A of (9 A) in R? and a C>°-family of singly-periodic proper immer-
sions ¢gr v M — RS, (0, \') € A, such that g x =1, e\ 0S = Sgr x0othgr \,
e n is minimal outside a solid cylinder and its ends are essentially the same as
those of . Its Gauss map Ny: y satisfies Vg x» 0.S = Rgr o Ny /, and as each end
of g/ v is planar we can mod1fy Ny, N deﬁmng a new transverse map Ng/ v on M
such that N.g/ v 0S8 =Ry o N.g/ N N.g/ N = (N ™oy €3 around each end—note that

this last equation is compatlble with the behaviour of N and of Ng/ » with respect
to S—and (N N)=1on M, where N = N.g » and N is the Gauss map of .
Given u € C>*(M) small enough, 1y »» +uNg: ' is a proper immersion such that
(Yo x + uﬁg/,,\/) 08 = Sgr a0 (P v+ UNG’J\’)’ so it induces a properly immersed
surface in R®/Sp: »». The mean curvature H (v n + uﬁg/,x) is well-defined on
M; thus we can consider the operator H (6, X', u) = AH (1bgr x + uNg: /) (where
A is a conformal factor as in the translation case), which is a C®(M)-valued an-
alytic operator on the product A x U of certain neighbourhoods of (6, ) in R?
and of zero in C*(M). If we take a curve (0(t), A(t),u(t)) in A x U such that
(6(0), M(0), u(0)) = (6, A, 0), the variational field V' of gy rct) + u(t) Noo) ar) sat-
1sﬁes <V N) = (4, N) + 4, where the dot means derivative respect to t at t = 0 and

=+ ‘t o Yoty ar)- U is well-defined on M, but the other term in (V, N) has the
followmg multivaluation:

(¥,N)o S = (), N) + 0det(p, N, es) + ez, N),

p being the position vector on M. As L(det(p, N,e3)) = L{es,N) = 0, L being
the Jacobi operator of v, the function L(<1/},N Y + ) is well-defined on M and
DH g 5,0)(0, 1) = SAL((¢), N) + 1), for any (0, \,4) € R? x C>*(M). Put V =
V(M) = {({),N) = (&|,_ vYewyr@), N) / (6, ) € R?} € C°°(M) —which can be
naturally identified with R?>— and define B = B(M) =V @& C*>*(M) C C’ZO‘UTJ)
and the compactified Jacobi operator L = AL = 2DH (g5 o) : B(M) — C*(M).

As in the previous section, we can consider the flux of a surface along an oriented
horizontal compact section, which does not depend on the height. At this point we
should consider the torque map along such section, defined as

torque(y;) = / Yy A e ds,
r

for a deformation 1, of our original periodic minimal surface ) by immersions with
ends asymptotic to horizontal planes. In fact, we are interested in the third coor-
dinate of this torque vector for a minimal surface, which does not depend on the
height of the compact section I' —for two such sections with no ends in between,
this assertion holds because the R3-valued differential 1 A D1 has divergence zero;
the horizontality of the torque vector at a planar type end with vertical limit nor-
mal vector, see for instance [12] or [18], implies the property in the general case.
Arguments similar to the ones in Lemma 1 let us compute the derivative of the
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torque map, obtaining

|, toraev) =~ [(V.N)Du(y) ds

+ [n (%«V,N»N— <V7N>68—]§) s,

where, as usual, V is the variational field of ¢; and v(s) is a parametrization by
the y-arc length of I'. Since the first integral is horizontal, it is easy to deduce the
following expression for the derivative of the third coordinate of the torque map:

(13)

torque, (1)
t=0

= [ (55 (V) et V) = (Vo) £ (et ¥, ) ) s

If we define J (M), K(M) and Ko(M) as in the translation case —note that the
space B(M) has changed—we can prove analogously that

ou Odet
— det —u ds =0,
/r on on

/ a—u<N, es) — UM> ds=10
r \9n
where det denotes the function det(p, N, e3), and that dim J (M) = 2+ dim Ko (M).
From this description of Co(M), Lemma 1 and (13) one has det(p, N, e3), (N, e3) €
Ko(M); hence the space of Jacobi functions J (M) has at least dimension four. Our
minimal surface M will be called nondegenerate when KCo(M) has dimension two.
In the space M of connected nonflat properly embedded minimal surfaces in quo-
tients of R?® by nontrivial screw motions Sp » —depending on the surface—, with
fixed finite topology and planar ends we can define two natural senses of conver-
gence: take surfaces M,, C R3/Sp, x,, Moo CR?*/Sp_ . in M, n=1,2,.... The
notion of smooth convergence of {M,}, to My coincides with the one expounded

’CO(M): UEIC(M)

in section 3. Denoting by M,,, M, the compactifications of M,, = Mn/ng,\n and
My = NOO/SQOO))\DO, and using the C'*°-family g/ at the beginning of this sec-
tion around Mo, we will say that the sequence {M,,},, converges to M, smoothly
if (0, An) — (Boo, Aoo), there exists a sequence {Ny,}n C C“’(M, R?) such that

N, = m63 in a neighbourhood of each end, N,, o S = Ry, o N,, in M and

there exists a sequence {un}n, C C°(Ms) such that M, can be expressed as
Yo, n, + unﬁn with u, — 0 in C*¥ (Hoo)7 for any £k > 0. Theorem 1 extends
to this situation, insuring that these two notions of convergence are equivalent for
sequences in M with (6,,, \,,) converging to (0, Aso); hence the second one is inde-
pendent of the families g/ y, ]\Nin. We will also denote by M* the set of nondegen-
erate surfaces invariant by nontrivial screw motions Sp x, (0, ) €]0,2n[x (R —{0}).
The structure result in this situation is

Theorem 5. M* is open in M. In the nonvoid case, M* is a four dimensional
real analytic manifold.

The proof of this result is similar to the one in the translation case. The only
differences occur when we need to prove the orthogonality of the mean curvature



2388 JOAQUIN PEREZ

and the function det(p, N, e3), and the compatibility of the locally defined analytic
structures. The first problem can be solved by reasoning as in [20], Lemma 7, and
for the second one we use the corresponding analytic immersion j defined on a
neighbourhood V of an element in M* that takes nondegenerate minimal surfaces
My »s ., in this neighbourhood into (¢’, N, u) € R? x C?*({|w| < €}).

Remark 8. In the case § = 0, we again find surfaces M C R3?/T, T being a vertical
translation with finite topology and planar ends. For such a surface, its Gauss map
is well defined, and it is easy to prove that (N,e1), (N,e2),(N,es3), det(p, N,e3)
belong to KCo(M) if flux(M) is vertical, and (N, es),(N,flux(M)),det(p, N, e3) €
Ko(M) otherwise, where flux(M) is defined as in section 4. This implies that the
space of nondegenerate minimal surfaces invariant by screw motions with planar
ends cannot be a manifold around an example with 6 = 0.

Lemma 5 (resp. Remark 6) can be also extended to the screw motion case,
expressing the smoothness (resp. analyticity) in the manifold M* in terms of
the lifted surfaces in R3. The only novelty in its proof is that surfaces M; near
M C R?/Sp , in M* can be represented by elements (6, A}, u;) in an analytic neigh-
bourhood of (6, A, 0), where 87, \; depend smoothly (resp. analytically) on ¢ because
Xy = (1e(Sp) — i (p), es) and (27 (p) + 7 (p)) sin 0 = — det (1¢(Sp), ¥ (p), e3) for a

generic point p in M (here x¢,y; are the first two components of the lift ¢; of M;
and we continue using the same notation as before). Moreover, denoting by G the
2-dimensional group of the vertical screw motions, the analytic structure on M*/G
follows as in the translation case, but now it has dimension two. This quotient man-
ifold can be also immersed in a Lagrangian way into C? = RZ2@R? by means of the
map f : M*/G — R? given by f([M]) = (screw(M), torque; (M), fluxz(M)),
where screw(M) = (0,)) if M C R3/Sp », A > 0, and the subindex o3 denotes the
third coordinate of the corresponding vector.
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